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Diffusion and Chemical Reaction by the Finite Element Method
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The method of modifying the differential equations describing the diffusion and chemical reaction in solids for
solution by the � nite element (FE) method to simulate chemical aging in polymers is described. The purpose is
to predict chemical aging process in solid polymers. Henry’s law is applied to modify the mass balance equations
to meet the requirement of an FE continuous solution variable at the material, and the resulting mass balance
equations’analogywith the heat conductionequation is exploited to utilize existing FE coding.The FE architecture
formulationsfor the solutionvector, stiffness, andcapacitancematrices for simpleone-dimensionalsolid parametric
elements are presented. The ability of the method to compute a numerical solution that preserves discontinuities
in chemical species concentration at dissimilar material interfaces is described and illustrated. The method is
extended to include temperature effects by coupling the heat conduction equation to the FE solution of the mass
balance equations. An application is presented, the chemical aging of large assets. Aging data are presented in a
comparison to model predictions. A single set of material properties and boundary conditions were found that � t
the chemical pro� le data for the two assets of different ages.

Nomenclature
A = one-dimensionalbar element cross-sectional

area, cm2

Ci = mass concentrationof the i th species, g/cm3

C p = heat capacity, cal/g ¢ ±C
Di = diffusivity of the i th species, cm2/s
D0; S0; k0 = Arrhenius preexponentials
E = activation energy, kcal/g ¢ mole ¢ K
ji = i th species mass � ux, g/cm2 ¢ s
k = reaction rate constants
k j = reaction rate constants for species r through s

participating in the rate expression in Eq. (5),
g/cm3 ¢ s

n = individual reaction orders in Eq. (5)
n = unit normal vector at the element external surface
pi = species i partial pressure in the gas phase above

the mixture, atm
R = universal gas constant
Ri = volumetric rate of chemical reaction of the i th

species, g/cm3 ¢ s
Si = species i solubility, g/cm3 ¢ atm
T = temperature, ±C
T = temperature vector, ±C
t = time, s
u = displacementvector
X = thickness, arbitrary units
0 = external boundary of the computational domain
· = heat conductivity, cal/cm ¢ s
½ = mass density, g/cm3

8 = volumetric heat rate, cal/cm3 ¢ s
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Introduction

M ANY materials in engineering applications eventually suf-
fer from chemical degradation over time that renders them

un� t for service. Our daily lives are full of instances ranging from
appliances,automobiles,and electronicsto, even, paper. In many in-
stances,whena productreachestheendof its useful life, it is repaired
or replaced. However, the nature of some products, or their service
environment, makes it dif� cult or prohibitively costly to repair or
replace them, such as satellites, spacecraft, or strategic weapons.
These products are required to operate, or expected to perform or
be stored over long periods and are expected to operatewithin strict
limits at any time during a long service life.1¡7

When product reliability and long life are paramount, or repair
and/or replacementis very costlyor very dif� cult, then aging effects
become critical to understandand predict with con� dence. The mo-
tivation for using a prediction method based on the internal aging
processes is that, if successful, it promises to providemore accurate
assessments of future states if all relevant aging processes are em-
bodied in the solutions to the governing equations. The cost of this
approach over the more common approach of curve � tting is that
usually more data are required to provide the material parameters,
environmentsand other conditionsthat can affect the outcome. This
is generally true of any analyticalmethod that employs solutions to
differential equations as the basis of the predictions. We will show
how to solve the differential equations describing molecular mass
diffusionin polymers,and thechemicalreactionsin the material that
can give rise to performancechangesin materialswithin the � nite el-
ement (FE) method.We limit our interest to theprocessesofmaterial
aging caused by diffusion and (chemical) reaction (DR) processes
only. Once the FE method for the treatment of these speci� c pro-
cesses is established, it would be possible to extend the method to
include other processes if they are expressed appropriately in the
governing equations and any constitutive relationships are posed
or expressed.Additionally, the FE method usually models physical
situations where gradients of some state or property are expected
to be present, such as gradients in temperature or displacements. In
our case, we will see that we would expect to have gradients in the
concentrationof chemical species in the applications of interest.

Finally, we are motivated to use the FE method, not only because
of its widespread use in practice, but because we ultimately wish to
applytheresultsof an aginganalysisin a structural(solidmechanics)
or failure analysis using the same analysis method. Commonality
of the analysis method and code sharing is a key feature of this
approach.
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Mass Balance Equations
For a particular mobile chemical species, the i th species, in a

mixture of n chemical species 1; : : : ; i; : : : n, such as a polymer, the
governing equations for mass balance for species i is given by8

@Ci

@t
D .r ¢ Di rCi / C Ri (1)

The assumptions applicable to Eq. (1) are as follows:
1) Species i concentration in the mixture is dilute. (This implies

the body does not change dimensions during diffusionand reaction,
i.e., it does not shrink or swell.)

2) The DR processes are isothermal.
3) No convection of mass occurs.
Therearen massbalanceequations,one for eachof then chemical

species in the mixture. We will assume the diffusivity of species i
can be a functionofCi butnotC j .i 6D j/ or anyof theother j species.
This decouples the n equations through the diffusivity coef� cients.
However, couplingof the equationscan occur through the chemical
reaction term Ri .

A fundamental assumption of the FE method is that the solu-
tion variable is continuous in the computation domain, speci� cally
the displacement vector u for solid mechanics and the temperature
vector T for heat conduction. However, a chemical species can be
discontinuousacrossa materialboundary,where the solubilityof the
species is different in the two or more materials. Because concen-
tration is the solution variable in the mass balance equation, we can
modifyEq. (1) to replaceCi with anotherdependentvariablechosen
to be continuousacross material interfaces and, thus, conform with
the FE method’s requirement of a continuous solution variable in
the computational domain. Although Eq. (1) can be solved by var-
ious methods other than the FE method, the modi� cation of Eq. (1)
to a continuous solution variable is necessary to solve it via the FE
method.

Henry’s Law
We canassumethat the aging rates of changeare slow, takingdays

and even years to occur. We can then look to equilibriumthermody-
namics to choose an appropriateconstitutive relationship to modify
the governing equations. We can use Henry’s law (see Ref. 9) of
solubility:

Ci D Si pi (2)

The use of this relationship presumes that each of the n chemical
species in the mixture is gaseous, has a vapor pressure, and can
dissolve in the mixture. Because Si is speci� c to a material, we
choose pi , the species partial pressure, to be continuous across a
material interface, which will replace Ci as the solution variable in
Eq. (1). The use of Henry’s law presumes that pi exists in the solid
material. Physically, this may or may not be true, but we choose to
use pi as a convenience to solve Eq. (4) in the FE method context.
Note that pi is usually very small. (Si commonly have very large
values.) We should not confuse pi with a potentially larger normal
pressure (the diagonal entries in a stress tensor) experienced in a
solid mechanics situation.Hence, the assumption is that if pi exists,
it does not signi� cantly contribute to a material’s stress state.

We substituteHenry’s law into Eq. (1) and make the partial pres-
sure pi the new solution variable.This is the � rst key concept in our
developmentof the method. The approach is to solve the governing
equations for pi for all time in the domain via the FE method and
subsequentlyto convert the partial pressures back to concentrations
Ci using Henry’s law.

Analogy to Heat Conduction
The second key concept is that, by inspection,Eq. (1) for is anal-

ogous in form to the governing equation for heat conduction8

½C p
@T

@t
D r ¢ r.·T / C 8 (3)

We can compare the heat conductionequation to the modi� ed mass
balance after substitution of Henry’s law:

@.Si pi /

@t
D r ¢ r.Di Si pi / C Ri (4)

The functional forms of the two governing equations are identical,
except that the mass balance is a system of n equations, and there
is only one energy balance equation per material. The coef� cients
are analogous as well: S is the mass solubility analogous to ½Cp,
the volumetric speci� c heat, and DS is the mass permeability, anal-
ogous to the heat conductivity.The source terms Ri and 8 are also
analogous,representing the volumetric source of mass and heat, re-
spectively. Because much of the FE literature is devoted to solving
the heat conduction equation, we can leverage much of the prior
computer code and architecture to our advantage in solving the DR
equation system.

Boundary Conditions
Boundary conditions for Eq. (4) are also analogous to heat con-

ductionwith the exceptionof surfaceradiationof energy to an exter-
nal environment, which does not have an analog in mass transport.
We specify partial pressure of species i at an external boundary
(Dirichlet condition), a mass � ux of species i at an external bound-
ary (Neumann condition), and a “mixed” � ux condition, where a
� lm mass transfer coef� cient h is de� ned. Note that, if no bound-
ary condition is speci� ed, the default condition is ji D 0 through the
boundary (no � ux).

Chemical Reactions
The uniquefeatureof the DR equationsystem is the general func-

tional form of the chemical rate (kinetic) expressions and that the
reactionexpressionscouple some or all of the n mass balance equa-
tions. We consider only homogeneous reactions occurring in the
volume of the body or the element. Typically, classical chemical
kinetics expressions of continuum materials are posed as polyno-
mials, depending on the chemical reaction postulated for any given
application. We can choose the kinetic rate form for species i :

Ri
dCi

dt
D

mX

j D 1

k j

"
sY

r D 1

Cn
r

#
(5)

The n in Eq. (5) arenot restrictedto integersbutmay be realnumbers.
We have departed from the more formal de� nitions of chemical
rate10¡12 to make the kinetic forms completely general and not be
restrictedto anyspeci� c chemicalreactionrateexpression.The form
of the rate expression (5) is not unique;we could have chosen, from
many polynomial forms, smooth functions within the intervals of
species concentrationsdesired.

FE Architecture
We apply the Galerkin approach (see Refs. 13 and 14) to Eq. (4),

using solid element formulations commonly used for heat conduc-
tion. We will omit the details, suf� ce to say that it parallels the
development of the heat conduction equations in FE. See Ref. 15
for a complete description of the DR FE equations and discretiza-
tion.

Because there are n governingequationsfor DR, the forms of the
solution vector and other vectors/matrices must accommodate this
feature. We adopt a convention that number the species in a user-
de� ned order; thus for isothermal situations, the partial pressure
solution vector has the form

p D

2

66666666666664

pspecies 1

pspecies 2

²
pspecies n

¾
node1

pinode2

pinode3
²
²
²

pNel nodes

3

77777777777775

(6)

The stiffness and capacitance matrices follow forms similar to heat
conduction for a one-dimensional linear two-node bar element.
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FE Solution Behavior
We can test the FE solutions of DR against those of exact so-

lutions for situations of one-dimensional, steady-state, and tran-
sient response. An example is given to demonstrate general behav-
ior of the diffusion FE solution for adjacent materials of differing
solubilities.

One-Dimensional, One Species, Two Materials, Transient Diffusion
(No Chemical Reaction)

We pose this case to demonstrate the ability of the FE solution to
partition correctly unequal concentrations across material bound-
aries due to unequal material solubilities. We model the process
using a multiple-elementone-dimensionalFE model, to capture the
concentration gradients developed by the diffusion process. The
model is shown in Fig. 1, where material 1 is the interval w · x · 0
and material 2 is interval 0 · x · L. The diffusivities and solubili-
ties are chosen to generate spatial gradients and concentrationstep
at x D 0. CL is the left-hand boundary condition, a constant con-
centration. The right-hand boundary condition is a zero mass � ux
condition. The initial condition C0 is assumed zero in both materi-
als for all x . The exact solution (personalcommunication from I. L.
Davis, Thiokol Corp., Brigham City, Utah, 1999) for material 1 can
be shown to be

C.x; t/ D C0 C
1X

n D 1

Bn cos.¸n L/ sin[k¸n.x C w/]e¡¸2
n D1 t (7)

forw · x · 0 and t > 0. The solutionfor concentrationformaterial2
can be shown to be

C.x; t/ D
S2

S1
C0

C
S2

S1

1X

n D 1

Bn sin

³
¸nw

r
D2

D1

´
cos[¸n.x ¡ L/]e¡¸2

n D2 t (8)

for 0 · x · L and t > 0. Here the coef� cients Bn are computed by

Bn D
¡2C0 cos.¸n L/

k¸n [w cos.¸n L/ C .S2=S1/L sin.k¸nw/]
(9)

and the eigenvalues ¸n are computed by

tan.¸n L/ tan.k¸nw/ D 1=[k.S2=S1/] (10)

The preceding solutions for speci� c cases are obtained by means
of a FORTRAN computer code. The FE model is constructed with
10 one-dimensional linear (bar) elements in each material and ac-
cording to the illustratedcon� guration.Time is integratedusing the
Crank–Nicholson method for times of 1E6, 1E7, 1E8, 1E9, and
1E10, providing a span of concentration pro� les. These times are
generic for this model and are indicative of a very slow diffusion
process. The FE and exact solutions are plotted in Fig. 2 for equal
solubilitiesin materials1 and2, and the material interfaceis at x D 0.

More illustrative is the solution for unequal lengths, diffusivi-
ties and solubilities: D1=D2 D 0:1, S1=S2 D 0:1, and L1=L2 D 0:1
in Fig. 3. The concentration discontinuity is clear in this example,
showing a comparison of exact and FE solutions.There are endless
combinations of solubilities, diffusivities, and lengths possible, all
with similar results. This is presented as an example and not as a
general result, althoughit is possibleto nondimensionalizethe exact
solution and make general comparisons with the FE solutions.

Fig. 1 One-dimensional FE model, two materials.

Fig. 2 Linear diffusion FE vs exact solution, equal solubilities.

Fig. 3 Linear diffusion FE vs exact solution, unequal solubilities.

Nonisothermal FE Architecture
Varying temperature can also be solved by an extension of the

given architecture.Because the standardheat conductiongoverning
equation is of the same form and analogous in behavior to the DR
equations, we simply add temperature to the solution vector, in the
� rst position in the solution vector:

p D

2

66666666666666666666664

T

pspecies 1

²
²
²

pspecies n

¾
node 1

T
p

¾
node 2

T
p

¾
node 3

²
²
²

T
p

¾
Nel nodes

3

77777777777777777777775

(11)

One must exercise care in constructingthe stiffness and capacitance
matrices to separate the thermal material properties and the DR
properties. To illustrate, we choose the one-dimensional linear bar
element with the following shape function N .x/:

N.x/ D [1 ¡ x=L ; 1 ¡ x=L; x=L ; x=L] (12)

The element stiffness matrix for temperature and a single chemical
species is

K D
A

L2

2

664

· 0 ¡· 0

0 SD 0 ¡SD

¡· 0 ¡· 0

0 ¡SD 0 SD

3

775 (13)

where the separation of thermal and mass transport properties is
evident. The consistent capacitance matrix is
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C D
AL

6

2

664

2· 0 · 0

0 2S 0 S

· 0 2· 0

0 S 0 2S

3

775 (14)

DR and Thermal Coupling
If the rates of heat conductionand the rate of diffusionand/or the

rateof chemicalreactionarenearlythe same, then theequationsneed
to be solved simultaneously. We need a constitutive relationship
betweentheDR materialpropertiesand the thermalstatevariablesto
determine the coupling.For many polymers, the Arrhenius relations
are a good means of expressing these relationships:

D D D0 exp.¡Ed=RT /; k D k0 exp.¡Er =RT /

S D S0 exp.¡Es=RT / (15)

Typically, polymer-solutes display diffusion activation energies
about 10–20 kcal/g ¢ mol, and roughly the same order of magnitude
for solubility (except negative). Reaction rate constant activation
energies can be anywhere from 10 to 40 (or larger) kcal/g ¢ mol, for
example, see Ref. 16. The sensitivity of diffusivity, solubility, and
rate constant are typically larger than the sensitivityof density, spe-
ci� c heat, and/or thermal conductivityto temperature,and so we can
ignore the nonlinear effect of temperature-dependent thermal prop-
erties in temperature ranges where the DR properties would show
signi� cant sensitivity.Thus, typically, the coupling is from the ther-
mal to the DR equations through the temperature. In this case, we
can pose the stiffness and consistent capacitance element matrices,
respectively, for the one-dimensional linear element, as before:

K D
A

L2

8
>><

>>:

· 0 ¡· 0

0 S0 D0 exp[¡.ED C ES/=RT ] 0 ¡S0 D0 exp[¡.ED C ES/=RT ]

¡· 0 ¡· 0

0 ¡S0 D0 exp[¡.ED C ES/=RT] 0 S0 D0[¡.ED C ES/=RT]

9
>>=

>>;
(16)

C D
AL

6

2

664

2· 0 · 0

0 2S0 exp.¡ES=RT / 0 S0 exp.¡ES=RT /

· 0 2· 0

0 S0 exp.¡ES=RT / 0 2S0 exp.¡ES=RT /

3

775 (17)

The preceding description relates to the fully coupled DR and
thermal systems of equations.Clearly, within the same FE code one
can treat uncoupled DR and thermal response when the DR rates
of change are typically very much slower than heat conduction. In
this situation, the user simply needs to solve the heat conduction
problem for the body and time span of interest, save the results, and
conduct a separate DR analysis. The temperatures from the saved
thermal analyses are read in and applied as the means of modifying
the appropriate material parameters or environmental loads.

Application of the Method
We now describean applicationof the method, with comparisons

of model predictions of chemical species concentrationscompared
to aging data. Of interest is a large cylindrical solid body (an “as-
set”) constructedof multiple layers of differentpolymeric materials
through which identi� able chemical species can diffuse and react.
The two assets described in this paper were taken from a population
of assets of the same design and manufacturing process, but of dif-
ferent ages, and from different lots of raw materials. From studies
conductedby the U.S. Navy, the important solublemobile chemical
species are well known, as well as the dominant chemical reactions
occurring in the materials of interest. It is already known that all
assets of the population exhibit the same characteristic chemical
aging changes. The asset dimension of interest is on the order of a
meter to several meters in diameter, and the asset typically weighs
several metric tons.

Fig. 4 Asset geometry (not to scale).

A simpli� ed illustration of the asset is shown in Fig. 4, made
up of a shell of � ber composite (case) with a layer of polymeric
rubber (the insulator, or material I) inside and vulcanized together.
A liner of curable polymeric liquid (washcoat) is subsequently ap-
plied to the inside of the insulator, and the empty built-up case is
cast with a curable slurry of polymeric binder and powdered solids,
which is designatedmaterialP. The assembly is cured at an elevated
temperature, at about 130±F, to solidify (chemically cross link) the
material P binder.The asset is then subjected to � nishingoperations
and kept within relatively narrowly controlled temperature limits.
For the purpose of this study, the asset temperature is assumed to be
at a constant and uniform 77±F throughout its life.

Material P contains mobile species within the polymeric binder,
which are soluble in the liner, insulator, and case. During the cure
cycle, these chemical species diffuse into these adjacent materi-
als and can also chemically react. After curing, the mobile species

continue to diffuse into the adjacentmaterials throughoutthe useful
life of an asset, although more slowly at the relatively lower use
temperature.The concentrationof the chemical species in the asset
during its entire lifetime is of primary interest because the levels
can be used to de� ne the service lifetime of the asset.

During the manufacturingprocess where an uncured liquid poly-
meric slurry of material P exists and after cure and during service,
these specieswill diffuse across the washcoat (also known as the P/I
interface) and create concentrationgradients in the radial direction
in adjacent materials near this interface. This diffusion reduces the
concentrationof each of the species in the bulk material P at the P/I
interface. The concentration loss is partially compensated by diffu-
sion of material from the bulk material P into the interface region.
The diffusion creates a spatial pro� le of the mobile species near the
P/I interface that changes over time as the diffusion and reactive
processes proceed.

Modeling Approach
The intent is to demonstrate that the diffusion-reaction model

can reproduce the chemical concentrationgradients near a material
interfaceand, therefore,can representthe dominantprocesscontrol-
ling the chemical gradients over time.

The DIAL s C 17 FE code was used to model the effect of chemical
reactionsand mass transporton the evolutionof these concentration
pro� les. We will use gradients determined from samples dissected
and extracted from assets to compare to the FE model predicted



588 WADIAK AND HIGHT

gradients. Because we have assets of various ages, we can attempt
to match predicted and observed chemical gradients over a period
of time, as represented by sample snapshots. However, the number
of assets available for sampling and testing is limited to only a
handful, and meaningful statistical treatment of the observeddata is
not possible.The goal of this data � tting process is to determine the
features, properties, and load inputs to the FE model that can match
gradients from assets of all ages. This process is much the same
as � tting an analytic function to data by a least-squares process.
However, in this case, the function that we use to � t the data is
the DR FE solutions. With this � tting accomplished, subsequent
predictions of chemical pro� les can be made beyond the existing
data sets. In this study, we will limit the exploration of the data to
the model � tting process.

Because only the asset center bore (element on the extreme left)
and externalcase surface(elementon the extreme right) are exposed
to the external vapor environments, we need to ascribe boundary
conditionsonly to these element nodes. The “cut” element surfaces
through the asset are not subject to signi� cant gradients (the z di-
rection along the cylinderaxis) and the µ (tangential)direction,and,
therefore, the default boundary conditions, with no mass � ux, are
used. Grid spacing in the bulk of material P is � ne in the interface
areas, anticipating the need to capture the expected concentration
gradients in these areas; we anticipate concentrationgradients only
in the radial direction in the assets and only signi� cantly near the
P/I interface, where concentrations of the species of interest are
signi� cantly different at time zero in adjacent materials.

We postulate the dominant chemical reactions that represent test
observations and provide the parameters that describe the chemi-
cal reaction rate constants and initial concentrations in each of the
materials in the application, as well as the diffusional mass trans-
port described by the diffusion and solubility coef� cients. These
initial parameter sets were derived from data collected from sub-
scale studies. Once these parameter sets have been de� ned, the
partial pressure solutions as a function of time are determined by
an appropriate time-stepping algorithm in the FE code, using the
Crank–Nicholson time-stepping algorithm. The Crank–Nicholson
algorithm is used for all applications because of its optimal ac-
curacy and unconditional stability. The partial pressure solutions,
saved at user de� ned time-step intervals, are converted to species
concentrations by recovering the user speci� ed solubility of each
element and the appropriate use of Henry’s law.

The FE computed species concentration radial pro� les are com-
pared to concentrationpro� le data taken fromrelativelynew and old
assets subjected to destructivesampling, dissection,and subsequent
testing. Care is taken in the construction of the FE grids to ensure
that an element is approximately centered at the same radial loca-
tion as each of the data locations.There are always instances where
there are more model elements than data locations, but never less.

The species concentration data18 are determined by solvent ex-
tracting small weighted samples from the asset dissection (a lay-
ered dissection pattern to discern the expected radial concentration
pro� le) and subjectingthe extracts to high-performanceliquid chro-
matography(HPLC). When comparedto known standardsanalyzed
by the same method, the concentrations of the mobile species are
determined.The measuredconcentrationpro� les are then compared
to the computedpro� les, and in an iterative fashion,we convergeon
a model-input parameter set that best � ts the sample observations.
The best-� t input set is compared to existing material properties to
ensure the model material properties are consistent with indepen-
dently determined values. No quantitativemeans were employed to
iterate to a best � t to the data, rather, the results of each iteration of
data � tting process was reviewed by a committee to guide and con-
trol the model changes. This process was conducted in this manner
in part as a learning experience to ensure consistency with data and
evidence from prior work.

The primary chemical species, which we name NP, MA, NDPA
and NOMA, are present only in the material P binder at time zero,
the time beforeelevatedtemperaturecure.NP is a mobile plasticizer
soluble in the material P binder that can undergo a spontaneousde-
composition into smaller molecules. MA is in relatively smaller
concentration than NP at zero time and acts to scavenge NP de-

compositionproducts,primarily NO2 in the binder created from the
NP decomposition. If the NO2 were not removed, it is highly reac-
tive and can promote further decompositionof the NP. The species
NOMA is the reaction product of MA and NO2, which is known to
be relatively unreactivewith the other species present in material P
binder. NOMA is also relatively stable and does not spontaneously
decompose. NDPA is a secondary NO2 scavenging species formu-
lated into material P that can also react with NO2, but at a measured
rate much slower than MA.

Material P contains dispersed solids suspended in a polymeric
binder. The dispersed solids are known not to contribute to the NP
or MA chemical reaction processes and, for purposes of aging be-
havior, are considered inert. The FE method uses continuum-based
material properties,and because the mean diameter of the dispersed
solids in material P is very much smaller than the linear dimen-
sion of the smallest element of the model, all species concentrations
are based on the content of the species in the continuum of binder
and solids mixture. Thus, the diffusion and reaction properties are
determined to re� ect the mixture of reactive and inert materials in
material P.

Equation (18) is a list of the dominant chemical reactions postu-
lated to occur in material P. The notion is to keep the kinetic rate
equations as few and as simple as possible and to add complexity
only when needed to resolve discrepancies with observations. Re-
action products known to be relatively unimportant to the primary
aging process are listed as products, thus,

NP ¡> NO2 C .products/; NO2 C MA ¡> NOMA (18)

The losses of NP and MA due to chemical reactions are described
by a set of � rst-order (in time) differential rate equations. The re-
action orders are all assumed � rst order in each chemical species
appearing in the rate expressions. The rates are expressed as uni-
formly distributedin a volume(element).The postulatedkineticrate
expressions for NP, MA, and NOMA are given by

dCNP

dt
D ¡kNPCNP

dCNO2

dt
D k 0

NO2CNP ¡ k 00
NO2CNO2CMA

dCMA

dt
D ¡kMACNO2CMA

dCNOMA

dt
D kNOMACNO2CMA (19)

The reactionrate constantsemployed for the two chemical reactions
in each of the materials are detailed in Ref. 15.

Material Properties
The diffusion and solubility coef� cients employed for all of the

molecular species in each of the materials are listed in Ref. 15 and
were derived from subscale test articles using a variety of different
concentrations of NP, MA, NDPA, and NOMA. These tests were
designed and conducted such that one-dimensional concentration
pro� les of these specieswere developed from the applicationof un-
cured binder on a single surface of the sample. The other surfaces
were sealed with impermeable coating such that no signi� cant mass
transport would occur and affect the concentration pro� les devel-
oped in anticipated areas. The cartons were maintained at constant
temperaturesforvariousperiodsof time andperiodicallywithdrawn,
dissected,and tested to measuretheconcentrationpro� lesby HPLC.
Simple one-dimensionalFE diffusionmodels were constructed,and
the diffusivities of each of the species were determined by a least-
squares best � t of the predicted pro� les to the pro� le data. Within
the period of these tests, and at the relatively low temperaturesused,
no signi� cant chemical reactionsoccurred that would confound the
determination of the diffusion coef� cients.

Model Assumptions
In the developmentof the model, certain parameter values had to

be estimatedbecauseexperimentaldata are unavailable.In addition,
observationsfrom theasset sample data permitus to make additional
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conclusions or assumptions. The assumptions made in this model
are based on historical observations:

1) The observed NOMA concentration at any given location in
materialP vs time showa nonzerointerceptwith assetage; therefore,
formation of NOMA is believed to occur during the curing process
and must be accounted for.

2)The NOMA concentrationpro� les showa maximumvaluenear
the P/I interface, and we have concluded the reaction rate constants
are higher in insulator than in the bulk material P.

3) For a given asset age, the highest observed NOMA concen-
tration appears in interfacialmaterial P adjacent to thick material I;
therefore,we have concludedthere is a material I thicknesshboxde-
pendence.

4) The same chemical reactions take place in adjacent materials
and are expressed by the rates given earlier and have the same rate
constants.

5) There is species molar balance: For every mole of NO2 pro-
duced,onemoleofNP andMA is consumedandone moleofNOMA
is produced.

6) The relative solubility of all mobile species in material I is less
than in bulk material P.

7) Interfacial material P (the region within 1–2 mm of the inter-
face) appears different from bulk material P: We have assumed the
existence of a solubility gradient, probably resulting from the cure
process.

8) The steady-state NO2 concentration in bulk material P is ap-
proximately1 ppm. NO2 concentrationcannot be directlymeasured
in material P by any means known.

9) The relativesolubilityof all species in all materials duringcure
is the same as that during aging.

Boundary Conditions
All chemical species in this FE model are known to be volatile,

having a small, but � nite vapor pressure. These species are not nor-
mally present in ambient air, and the assets are normally stored in
conditions where free air exchange is the norm. Fixed zero con-
centration (partial pressure) nodal loads are applied to nodes lo-
cated at model boundaries adjacent to external environments. De-
fault (no-� ux)boundaryconditionsare assumedat allmodel internal
element faces.

Fig. 5 NP concentration vs asset radius for asset 1, one year.

Fig. 6 MA (upper curve) and NDPA concentration vs radius (lower
curve) for asset 1, one year.

Results Summary
The concentration pro� le data for NP, MA, NDPA, and NOMA

from the available asset sample data were analyzed for initial
estimates of chemical rates. The objective of the analysis was to
estimate the bulk material P reaction rates during the cure and ag-
ing process for use in the FE model. For the cure process, we have
assumed a temperature of 130±F and a cure time of approximately
one week, typical for asset production cycles. The loss rate of NP
and MA in bulk material P during cure is on the order of 10¡4

and 10¡5 g/cm3 ¢ day, respectively. These rates were calculated by
plotting the NOMA concentration as a function of time in earlier
studies. The intercept of the line determines the amount of NOMA
formed during cure, and the slope determines the amount formed
during aging. These values served as the initial startingpoint for the
reaction rate constants and initial conditions.

Asset Sample Data
The asset sample data that were available during this time pe-

riod are tabulated in Ref. 15. Several data sets were available for
each asset. Some of the samples extracted from the available assets
have varying insulator thickness, which must be accounted for in
the models because chemical gradients are created in this material,
and their presence also affects the creation of gradients in adjacent
materials.

Figures 5–10 show the comparisons of the FE models (dis-
tinct models for each asset) with the appropriate asset sample
concentration data. Figures 5–10 focus on the material interface
region of the assets tested, rather than the entire pro� le because the
region of concentration gradients is observed to occur only in this
region.

Typical Results
Figures 5–10 are comparisonsof the computed and experimental

concentration pro� les for assets 1 and 2 tested for mobile species
pro� les.Motor radii in Figs. 5–10 arenormalized.Asset 1 was 1 year
old and asset 2 was 10.6 yearsold when sampled.In all cases shown,
the pro� le data error bars represent §1 standard deviation from
replicate tests, and the solid line representsthe FE model prediction.
All prediction-data� t errors were less than §5%.

Fig. 7 NOMA concentration vs radius for asset 1, one year.

Fig. 8 NP concentration vs radius for asset 2, 10.6 years.
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Fig. 9 MA (upper curve)and NDPA (lower curve) vs radius for asset 2,
10.6 years.

Fig. 10 NOMA concentration vs radius for asset 2, 10.6 years.

Discussion
The model predictedconcentrationsfor both the 1- and 10.6-year-

old assets show a relatively good � t to the data, mostly within the
1 standard deviation range. This is typical of other assets of similar
ages. NO2 concentration pro� les are not plotted because it cannot
be measured in these materials.

The trends of data and models are what we would anticipate of
systemswhereNP, MA, andNDPA all depleteovertime,andNOMA
increasesover time. NOMA also shows a peak in concentrationthat
increasesover time. Although counterintuitive,independentstudies
have shown that NOMA exhibits a higher production rate in the
insulator adjacent to material P.

Note that the model for these two assets varied only in spatial
dimensionsof the materialsbecausethe two assets in this studywere
sampled at two different locations. The material radial dimensions
vary somewhat along the length of the cylinder axis, as well as
exhibiting some manufacturing variation in dimension as well. The
material propertiesand boundary conditionswere the same for both
models.

Conclusions
Throughthe useofHenry’s law, we have shown that thegoverning

equations of multiple species in multiple materials can be made
consistent with the requirement of the FE method for continuous
solutions in the computational domain. The use of species partial
pressures correctly treats the concentration partitioning at material
interfaces. FE solutions are computed in terms of species partial
pressures and then converted to concentrations in postprocessing
after the FE solution(s) are determined at each time step.

The DR governing equations, after modi� cation by Henry’s law,
are completely analogous to the heat conduction equation, except
that there are n DR equations.We show the solutions to the isother-
mal steady-statesolutions,and the transientsolutions,are consistent
with exact solutions.General one-dimensionalbehavior for DR so-
lution accuracy can be established for linear and quadratic solid bar
elements.

A secondaryoutcomeof thismethod is that theFE architecturefor
solving the DR equations can be easily expanded to nonisothermal
problems of DR, either serially (uncoupled) or fully coupled. The
comparisons to aging data, although showing some variation in the
goodnessof � t, are consistentfor asset to asset, over a rangeof asset
age. Most of the comparisonsof model to data show the predictions
fall within the pm1 data standard deviation range. Further re� ne-
ment of model inputs only manipulates the predicted concentration
within these data variation bands, which does nothing to increase
con� dence in the model � t to the data. Because the models used
only one set of material properties and boundary conditions, we
can con� dently claim that the model should correctlypredict future
trends in the concentrationof these species.
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